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ABSTRACT 

A role of reducible connections in Non-Abelian Seiberg-Witten invariants is 
analyzed with massless Topological QCD where monopole is extended to non-Abelian 
groups version. By giving small external fields, we found that vacuum expectation 
value can be separated into a part from Donaldson theory , a part from Abelian 
Monopole theory and a part from non-Abelian monopole theory. As a by-product, 
we find identities of U(l) topological invariants. In our proof, the duality relation 
and Higgs mechanism are not necessary. 
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1 Introduction 



Recently in differential topology of four manifolds there have been new develope- 
ments by Seiberg-Witten monopole theory . They conquered a difficulty of Don- 
aldson theory . Donaldson theory solved many problems of differential topology of 
4- manifolds about intersection form, polynomial invariants and so on Donald- 
son theory is described by non-Abelian gauge theory, hence calculations are difficult. 
Seiberg-Witten theory is easy for its computation since it is Abelian gauge theory. 
Donaldson invariants which is written by Kronheimer-Mrowka structure formula are 
related with Seiberg-Witten invariants, and the relation has been proved in several 
ways 00 . Hyun- J. Park- J. S.Park show the relation in path-integral formalism us- 
ing massive Topological QCD |^. Both Donaldson and Seiberg-Witten theory are 
understood as Topological field theory 0. Hyun-J. Park-J.S.Park computed path- 
integrals of massive Topological QCD and they found the way of separating it into two 
brunches that is Donaldson part and Seiberg-Witten part. Symbolically the result of 
their computation is 

(massive Topological QCD) = — r | (Donaldson) ASeiherg — Witten) \ (1) 

Where a and b are some suitable constants and m is mass of hyper- multiplets. k and 
/ are determined by indices of some elliptic operator, {massive Topological QCD) 
is a vacuum expectation value of an observable with the action of massless Topo- 
logical QCD. (Donaldson) stands for vacuum expectation value of an observable 
with the action of Donaldson- Witten theory [§, and is called Donaldson invariants. 
{Seiberg — Witten) stands for vacuum expectation value of an observable with the 
action of Abelian Seiberg-Witten topological field theory 0, and is called Seiberg- 
Witten invariants. The left hand side of the above equation is regular in the massless 
limit, m — > 0, so the Donaldson part and Seiberg-Witten part in the right hand side 
have to cancel each other. In this theory, mass terms lead a relation between vacuum 
expectation value of Higgs and matter fields. All computations in this paper are done 
in a weak coupling limit (or large scaling limit). If the weak-strong duality relation is 
necessary for understanding the relation of Donaldson invariants and Seiberg-Witten 
invariants, it is natural to think that massive particles decouple in the weak coupling 
limit as Witten mentioned in [|T| ||^ . But, in the proof of Hyun-J. Park-J.S.Park 
mass terms do not decouple , and the duality relation is not used. Mathematicians 
did not use the duality relation similarly in their proofs |^ 0. This fact implies 
that mass terms of matter fields do not play essential roles in the relation between 
Seiberg-Witten and Donaldson invariants . The only important thing is to separate 
the path-integral into the Donaldson's irreducible part and Seiberg- Witten's reducible 
part in their theory. 

In this paper, we investigate reducibility of the gauge connections in massless 
Topological QCD. There are two purposes. The first one is that we cull the Abelian 



1 



Seiberg-Witten part from massless Topological QCD without Higgs mechanism and 
weak-strong duality relation. The Abelian Seiberg-Witten part appear in massless 
Topological QCD as reducible connection part. The second purpose is to obtain 
the new relations of massless Topological QCD and their topological invariants. Es- 
pecially, we will get a result that insists some topological invariants which contain 
the Abelian Seiberg-Witten invariants. This topological invariants is provided as re- 
ducible connection part of this Topological QCD. As a result of these relations, we 
find that the path-integral from non- Abelian extended monopoles 0[^||1O] is sepa- 
rated into Donaldson parts and non-Abelian Seiberg-Witten parts. We use regular- 
ization for zero mode of a scalar field, which do not remove zero-modes but shift 
them to infinitesimal eigenstates without BRS-like SUSY breaking with giving per- 
turbation by external fields. As a result of this perturbation, we obtain new relations 
between Seiberg-Witten invariants extended to non-Abelian gauge and Donaldson 
Seiberg-Witten invariants. And some identities of U(l) topological invariants from 
the relation are given from the relation of SUSY symmetry of the Topological QCD 
and external fields. 

This paper is organized as follows. We set up massless topological QCD whose 
action do not have Higgs potential, in section 2. Separation of vacuum expectation 
value of observables into reducible connection part and irreducible connection part is 
done in section 3. We get identities of Abelian Seiberg-Witten invariants and obtain 
the relation of massless Topological QCD and reducible connection part in section 4. 
We will find new formulas in there. In the last section, we summarize and discuss our 
conclusions. 



2 Massless Topological QCD 

In this section we set up massless Topological QCD modified slightly to separate 
a correlation function into a reducible connection part and a irreducible connection 
part and study the relations between non-Abelian and Abelian Seiberg-Witten theory 
with no Higgs mechanism. Hence Higgs potential like [(p, 0]^ do not appear here. We 
will find later in this section how the Donaldson invariants are embedded in massless 
Topological QCD. 

Topological QCD were already constructed by Hyun- J. Park- J. S.Park J.M.F. 
Labastida and Mariiio by twisting N=2 SUSY QCD [Q . Donaldson theory and 
Seiberg-Witten theory are analyzed as topological field theory in references [§] P] fTlI] 0] 
. Basically we use the Hyun- J. Park- J. S.Park theory and notation in . In the 
following, we only consider SU(2) gauge group and 4-dimensional compact Rieman 
manifolds with 6^ > 2 as a back ground manifold. 

The action is 



QCD 



-6V 



(2) 



where 



J dW^[x^\{Hl, - ^iF;;^ + q^cT^^T-q)) (3) 



and under SUSY(BRS like) transformations, Yang-Mills fields are transformed as 

^SAf, = iXf,, Sxfiu = H^y, ^ S4> = irj, 
(50 = 0, 

and the matter fields are transformed as. 



5Xq^ = irTa^qa-ta^D.^P^ + a^^XlTaq'^ 

5X1 = #?0'^r„-zD^V',«a'^°" + gt.^/^««A«r„. (5) 

These transformation laws are obtained by the usual way of twisting N=2 SUSY 
QCD. The matter fields q are sections of ® E where W'^ is spirf bundle and 
£^ is a vector bundle whose fiber is a vector space of a representation of the gauge 
group SU (2). The topological action is given after integrating out the auxiliary fields 
H^^, Xq and Xg as 

Sqcd = J d'xg'^ ( + gV^.T'^gf + \\a^D,q\^ - ^^g^'^iD.^UD^f 

0]aA^ - ix'\[<t^, x,.r + x'aidAXr^, + '-g>'''{D,r))aX% 

+2iV',->„T>,„ + gt . A^^TV'^^^V.a + V',-"f^,.adA^„T"g" ) . (6) 

Where the indices a and a are omitted and we do not change the position of these 
indices to keep the sign of each terms in the following. This action is constructed in 
order to lead the most important fixed points. 



F^+ + q^a^,T'^q = 0, a^D^q = 0. (7) 
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The Eqs.(7) are monopole equations extended to non-abelian gauge group and often 
they are called non-abelian Seiberg-Witten monopoles |]9|1|[T0|]. 



Usually, Seiberg-Witten theory has a Higgs potential [0,0]^. Spontaneous 
symmetry breakdown occur if the vacuum expectation value of Higgs fields (0) is 
non-zero. Then we get U{1) monopole (Seiberg-Witten) equations. But one of our 
purposes is to clarify whether relations of topological invariants can be understood 
without Higgs mechanism and weak-strong duality relations. So the Higgs potential 
is not included in our theory. (But if we add these potential, they do not disturb 
following discussion.) 

Later in this section, we find how the Donaldson invariants are embedded in 
this theory. We study three kind of fixed points, which give important contribution 
to vacuum expectation value. The path-integral is expressed as a sum of three parts. 
We call a part of the path-integral from fixed points determined by = and q = 
as Donaldson part. We denote a part whose gauge connections A of fixed points 
determined by Eqs.(7) are reducible as Abelian Seiberg-Witten part and a part which 
has irreducible connections at the fixed point as No n- Abelian Seiberg-Witten part. 
The observable is 



rTrci 



where 7 is in a 2-dimensional homology class i.e. 7 G H2{M; Z). Now let us sepa- 
rates vacuum expectation value with Donaldson invariants from non- Abelian Seiberg- 
Witten invariants. If fixed points (q) from Eqs.(7) is zero then the contribution to the 
expectation value of (8) is from only Donaldson theory because now our fixed point 
equation is simply as 



0. 



(9) 



We know that we can estimate exactly the vacuum expectation values of this observ- 
ables by one-loop approximation around the fixed point determined by the Eqs.(7) 
TT||12|. We can decompose the action of Eq.(6) into two parts |0],as 



Sqcd — Sd + S]\i 
where So is action of Donaldson- Witten theory | 

Sd 



(10) 



and Sm is matter part, 
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We find that the quadratic part of the matter part action Sm is given by 

-iD,^,^a^'^^,a - i^l^fa^^^D,^ ] . (12) 

Note that the gauge field used in is an external field. We expand the gauge 
field around the solution of Eqs.(7) denoted 

^ = A + Aq. (13) 

, where Aq is a quantum fiuctuation around the Ac. So the covariant derivative in the 
5'^-' is written by external fields Ac a^s (Ia — d -\- Ac. Note that Ac is a irreducible 
connection because we set 62 ^ 1- After the Gaussian integrals of X,q,ip and ■0^ , 
from Eq.(12) we get 

det{-7r)^.det{-A7r)^+. (14) 

The indices W~ and of determinants (14) show that the determinants arc defined 
in the subspaces of W~ , W~^, and we use the similar notations also in the following. 
Therefore we can understand that the Donaldson invariants appear with the deter- 
minants (14) in massless Topological QCD and this fact is used in section 4. 

In the next step, we want to evaluate the other part which correspond to the 
Seiberg-Witten theory and separate the path-integral into a reducible connection part 
and an irreducible part. But, as we will see it soon, it is impossible to separate the 
Seiberg-Witten part into the non-Abehan Seiberg-Witten brunch and the Abehan 
Seiberg-Witten brunch in the same manner as above. In this case fixed points value 
(q) is non zero. Wc consider the SU(2) gauge group. Our massless theory has no 
spontaneous symmetry break down, so we have to treat separately reducible gauge 
connections and irreducible connection by some way. Judgments whether the con- 
nections are irreducible or not can be done by examination of the existence of 
zero-mode. (See appendix A.) Strictly speaking, the following two propositions are 
same. 

• dA ■ Ad ^ (S> Ao ^ Ad ^ /\i is injection. 

• A is a irreducible connection. 

Where wc represent a vector bundle with a structure group SU(2) as ^. So we use this 
condition to divide the contribution to vacuum expectations into one from Abelian 
Seiberg-Witten theory and another from non-abelian Seiberg-Witten thery. At first, 
we pay attention to equation, 

-Id'^D,<P-'-[X„X'^]^0. (15) 
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A in this equation is determined by rj and x equations like appendix B or references 



Uni . When there is no zero mode solution of A then this equation is a distinction 
formula of reducibility i.e. —\D^D^(j) = 0. So we can conclude that the connection is 
reducible and the contribution to vacuum expectation value is from the U(l) abelian 
Seiberg-Witten theory when (0) 7^ 0. But unfortunately we can not distinguish 
connection by this method when there are A zero mode solutions. In the next section 
we find new approach to separate the contribution of abelian Seiberg-Witten branch 
from non- Abelian Seiberg-Witten part. 



3 Separation of reducible connection part 

In this section we construct a new theory in which vacuum expectation value are 
separated into three parts i.e. Donaldson , Abelian Seiberg-Witten and non-Abelian 
Seiberg-Witten part. We use the determinant obtained by integration of and to 
find whether connections are reducible or not. Therefore we consider the case when 
the determinant vanishes. Usually we avoid this case and remove zero eigenvalue 



states with various ways. For example in |20], zero-modes give a symmetry to whole 



action and they are removed by BRS method. In our case this method can not be used 
because zero-mode dose not give the existence of a local symmetry. But in this section 
we take zero-modes into account , and we find that this zero-modes play a essential 
role to distinguish between reducible connections and irreducible connections. 

In the same way as section 2, we pay attention to Eq.(15). From Eq.(15), we 
get the vacuum expectation value of the scalar fields in 1-loop order as 

(0) = -^[A.,A1 (16) 

Now we have to recall that if 6^ > 0, anti-self dual connections which satisfy the 
equation (9) do not contain the reducible connections with U(l) isotoropy group |^ [|13 



, but the connections which satisfy the monopole equations (7) contain such reducible 
connections in general. When the connection is reducible then Z)^ has zero-mode on 0- 
form, (see the appendix A). Then the Green function jyTj^ has singularities. Normally 
we avoid this kind of singularity to define a meaningful theory. However, in the present 
case, this singularity pays the important role. Reducibility of the gauge connection 
is judged by the zero-mode. The theory should keep holding characteristic properties 
of zero-modes while it is regularized. Such problem doesn't exist in the Donaldson 
theory. Or we can say that we set the condition > 2 to avoid the complication 
of reducible connections in Donaldson theory. But in the Seiberg-Witten theory it is 
the most important merit that the gauge group is U(l) Abelian group. So, if we take 
away such reducible connections, then this Topological QCD has almost no value. 
Therefore we have to manage the singularities in the Green function. Usually we 
dispose of singularities of this kind by removing zero-modes, inducing mass terms 
and so on. The following way makes it possible. 
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Before considering regularization we ascertain that these singularities make 
topological symmetry break. To see it concretely, we introduce a BRS exact ob- 
servable, S (4>)^fi^ ■ If there are no singularities, topological symmetry is not broken 
and vacuum expectation value of this observable vanishes. But as we saw before, 
the propagator (^(f)(j)j ~ jjjrj^ is singular at least in tree level. To avoid these sin- 
gularities we add regularization term ie(j)(f) to our Lagrangian and the propagator is 
changed to ^^md -ie ' ii^-ively. Because the 00 is not invariant under the BRS-like 
SUSY transformation (4) (5), the vacuum expectation value is 



= e 1 M (0A^) 6 (0A^) e- 



e ((#) (A^r^) + ■ ■ ■ ). (17) 



(See references |14|.) The last equality is from the Wick's theorem. It make clear that 
the singularities of the propagator (^(j)(f)j ~ ^ cause the right hand side of Eq.(7) non- 
zero in a limit as e — > 0. This fact means the vacuum expectation value of the BRS 
exact observable is non-zero. This is topological symmetry breaking. It is equivalent 
to a phenomenon observed in [|l^ |]16| . This is seen after integration by 0. We get 
a delta function, 

1 7 \ ^ \ <t> ~ <i>t 



where 0^ is the solutions of —^D^^'D^cj) — | [A^, A^] + iecp = and A is a zero- mode 
which is determined by r] and x equations, (see the Appendix B). We know it from 
seeing the delta function of (18) that the determinant \det {D^D^ — it)\ is zero in a 
limit as e approaches zero when the connection is reducible, and these singularities 
break the topological symmetry. From this consideration, it seems that the regular- 
ization term is not suitable. For our purpose we do not hope topological symmetry 
breaking, so we have to choose the regularization term to be invariant under BRS-like 
SUSY transformations. 



Here we define the determinant by adding infinitesimal sift terms to our La- 
grangian. Our problem is that we could not separate vacuum expectation value into 
a reducible connection part and a irreducible connection part with the way in the 
previous section. In this section, the method used in [|T^ adapt to the separation. 
We pay attention to the determinant det (D'^D^) which is obtained by integration 
of and 0. We saw above that vanishing of this determinant cause topological 
symmetry breaking or at least cause some singularity. Usually we used to modify 
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determinants by removing zero eigenvalues. But these zero-modes are necessary to 
judge the reducibihty of the gauge connection. So we do not remove but shift them 
by infinitesimal perturbation. This infinitesimal perturbation is given by adding some 
shift terms to our Lagrangian. We denote this shift term as 0/^ where is a some 
functional and = as the limit of e ^ 0. Similarly we also shift the determinant 
which is obtained by ?7,x and A integrations. (See the appendix B.) This shift term 
is represented to ri(^ in the following where is a some fermionic functional and 
vanishes in the limit, e — 0. We mention a little more about this shift. The t] integral 
of g'^'^ {D^rj) Aj, in action (6) vanishes, if the covariant derivative acting to the t] 
has zero- modes. (Note that A^ zero-modes define the dimension of the moduli space, 
but 7] zero-modes do not have such a roles in usual case.) Usually we take away this 
zero-modes, but now instead of doing so we add infinitesimal shift terms Ce to the La- 
grangian, in order to shift the fermionic zero-eigenstates into infinitesimal eigenvalue 
states. Total Lagrangian is now written as 

S = Sqcd + / d'^xgH^fe + VQ (19) 

Here let us enumerate conditions for the infinitesimal terms. 

(a) Shift terms are invariant under SUSY transformations (4) and (5). 

This condition is necessary to avoid topological symmetry breaking as we saw it above. 

(b) It is desirable that non-zero solutions, and A, of the following and 
rj equations do not vanish by adding shift terms: 



- ^D'^D^<p - [A^, A^'] - /, = (20) 
'-D,y - C = 0. (21) 



From this condition, observable contain non-trivial one. The A in Eq.(20) is deter- 
mined by Eq.(21) and fermionic field equations, (refer and see appendix B). When 
contains the field like 

f, = eg(j) + eh (22) 

where g and h are some functionals which do not contain scalar field 0, (0) is repre- 
sented as 

^'^^ = - n,n\ + 2^^) • (23) 

Dt'D^ + eg 

Hence (0) becomes order e i.e.(0) = — jjjrj^-^:^ {+2eh) = O (e) if there is only A = 
solution of (21) and has no zero-mode. Then the vacuum expectation of observable 
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(8) is mere 1 + O (e) and this is not suitable. Note that it is not desirable that / is 
independent from 0. This reason is made clear by next condition (c). So we can not 
put g zero in Eq.(22). The righthand side of Eq.(22) has at most linear in the field (p, 
however /g may contain higher power terms on 0. For simplicity, we treat only case 
Eq.(22). The 3rd condition for infinitesimal shift terms is 

(c) following two operators have no zero-modes regardless of whether 
gauge connections are reducible or not. 



Where the operators (24) and (25) operate on Ad{E) valued 0-form. This condition is 
just to shift determinants from zero to infinitesimal finiteness when gauge connections 
are reducible and has zero-modes. From these conditions, we can take count of rj 
and 4> zero-modes when calculate detD^ obtained by and integrations and detT^ 
(see appendix.B) whose Tg has D^^ in first row and is obtained by fermionic fields 
integrations. 

Example of the additional terms 0/^ and rjaQ which satisfy the conditions 

(a) (b)(c) are 

+e'r]a {\\mi') - erja {niPgT''q + nq^T'^iPg) , (26) 

where and n are some back ground fields which are chosen to satisfy the conditions 

(b) and (c) and are gauge singlet. These external fields do not break SU(2) gauge 
symmetry and topological symmetry because they are gauge singlet fields. Infinites- 
imal constant number e and e' are independent each other. We can add shift terms 
(26) to our action since (26) are BRS-like SUSY invariant and have U-number. Note 
that sometime the determinant detD^D'^ obtained by and integrations is ignored 
in other papers because this determinant can be countervailed by a Fadeev-Popov 
determinant of the SU(2) gauge fixing. But in our theory, this determinant plays a 
essential role for separating reducible connections. 

Next we consider the zero limit of e and e'. We take this limit after functional 
integrals. When we calculate around fixed points of irreducible connections which 
have no zero modes of D^, additional terms like (26) play no role and there is no 
modification in Donaldson and non-Abelian Seiberg- Witten theory in the limit as 
e approaches zero. But if a connection of a fixed point is reducible some different 
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points appear. At first, we can estimate the order of the delta function obtained by 
integrations as 



s 


(0-0.) 




det 




S4>) 





1 (for irreducible connections A^) 



det ( Dt^D — I ^ (fo^ reducible connections A^) 

V 1^ 5(j> ) ^ 



(27) 



where / is a dimension of 0-cohomology H\ i.e. I — dim ker(£)^). We denoted that 
do not make delta function vanish as 0^. Especially it is important to notice that 
this determinant can be chosen to depend on not e' but e like the case (26). Since 
the e'0(i {D^(f)y term in shift terms (26) vanishes under zero-modes integral. 
For infinitesimal e and e', e' terms in the determinant in Eqs.(27) are negligible. Note 
that the shift terms which break the balance of bosonic and fermionic shift terms in 
zero-mode integral like Eq.(26) have less variations. In general, e or e' appear in the 
both coefficients of term and rj term since is a super partner of t]. 

The equations to obtain vacuum expectation value of 4> change also as 

{(f)c (for irreducible connections A^) 
(pc + e0' (for reducible connections A^) 
ie 

60' = lim— — (g(f)c + h). (28) 

^ e^o D^'D^-eg^^^ ' ^ ' 

Where 0c is a solution of the equation (15) of each connections ^4^. Note that e0' 
may be finite in the 0-limit of e since has zero-modes. 

In a similar manner, we estimate a delta function which obtained by fermionic 
field r\ integration as 

r n,5(|i^MA^-Ce) 

nATTr/^7-> \u /• \ (for irreducible connections Ay) 

[ (for reducible connections A^) . 

Where 770 are zero-modes and 77' are other non-zero modes and 0(e, e')' is order 
e"e'"^ where n + m — I, {n,m — 0,1, 2, .., I). Or we can say it as follows. The first row 
of that is D^^^ goes back to in the zero limit of e and e' when connections of 
fixed points are irreducible. On the other hand when connections of fixed points are 
reducible, r] and A integral can be written by separation zero-modes rjo 

J Vrj'VX exp J d'xg'mD^r)')X'^ - (eV')) J 'Drjo exp (- J rf^x^^oC) ■ (30) 
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So we can estimate det \T\ as 

lim det\T\ — l det\T\ (for irreducible connections ^4^) 
e,e'^o ' ^' 1 limg^g/^o(0(e, e'))' (for reducible connections A^) ^ ^ 

Where 0(e, e')' is a determinant of a matrix in which the r/o row column of T is 
replaced with In the example (26), the rjo row column element in Tg is 

^ ^'^afo^M. (32) 



5A 



7*6 



Prom Eqs.(27) and (29), we conclude an order of vacuum expectation values 
is given by. 



1 (for irreducible connections A 



I (33) 
(for reducible connections ^4^). 



We can conclude from (33) that if we set e and e' as same order, then our path-integral 
are sums over reducible and irreducible connection parts with an equal weight. 

Let us consider changing the ratio e'/e and changing the contributions from 
reducible connection part in our path-integral. The ratio of e and e' can be changed 
without changing of vacuum expectation value. This fact is seen as follows. We put 
e' as e' = ke and k is some positive real number. When an action is given as 

j d^xgHv + e5F + e'5G (34) 

where V, F and G are any functionals, then the change in a vacuum expectation value 
of any observable O which satisfy 50 — Q under an infinitesimal deformation of k is 

= JVX 6{0{eG))e-^ = 0. (35) 

So we can change k without changing vacuum expectation value. In our case, only 
reducible connection part depend on k. Wc denote (O)j^ as a irreducible connection 
(non-abelian connection) part of (O) and denote (O)^ as a reducible connection 
(Abelian connection) part, then the only (O)^ depend on the ratio k. When the power 
expansion of k of {O)^ is written as (O)^ — Yln=o{0)j^^ /c", vacuum expectation 
value (O) is expressed as 



(O) = {0)jn+{0)K 

= + E A;" (36) 
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Since (O) is k independent, we obtain 

(0)R,n-{£) (O)«|,=o = 0, = (37) 

This fact means that we can remove the contribution to vacuum expectation value 
from reducible connection without a A;" proportional term {0)j^q. Note that (0)^q = 
(O)^ |g/=o- T^^^^ is the most important fact to derive the relation of Abelian Seiberg- 
Witten invariants in the next section. Note that the vacuum expectation values (O) 
is invariant under changing of e. This is easily ascertained by a similar way of (35). 

In the next section, we explicitely investigate a relation of the non-Abelian 
Seiberg-Witten, Donaldson and the Abelian Seiberg-Witten invariants with the in- 
formation obtained in this section. 



4 The relation of Topological Invariants 

In the previous sections, we prepared the tools for investigation of relations of the 
topological invariants i.e. Donaldson, Abelian Seiberg-Witten and non-Abelian Seiberg 
Witten invariants. Now we actually construct the formulas of these invariants. We 
treat three parts of vacuum expectation value of observable (8) separately. The first 
part is Donaldson part which is defined as fixed point q — and gauge connections 
of the fixed points are irreducible connections. There is no solution of the instanton 
equation when > 1 and connections are reducible. The second part is Abelian part 
whose fixed points q ^ and connections are reducible. The third part is non-Abelian 
part that has irreducible connections and q ^ 0. In our theory, vacuum expectation 
value of O is defined by 



(O) 



Wm^j VX O exp(-5) 



(38) 



= < 



!VX O exp(-5Qcip) 
(for Donaldson and non — Abehan Seiberg — Witten part) 



lim^ 



.oSVX O expi-SQCD-Id''xg'2m + rjQ) 
(for Abelian Seiberg — Witten part). 



The fact that the e terms do not infiuence irreducible connection part was seen in 
previous section. In noting this point we advance analysis in the following. 
Donaldson part 

We already saw the transvers path-integral of this part in section2. We rep- 
resent common factors from if^^ and X integrations as Af. Then we can write Don- 
aldson part as. 



J\fdet{—4:TT){exp{v + tu))jj 



(39) 
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where 



u — 



87r2 



Tr 



■■) 



(40) 



and {0)jj means vacuum expectation value of O with the action (11) of Donaldson- 
Witten theory, r is a parameter. 

Abelian Seiberg-Witten part 

In this part, ^4^ on fixed points are reducible connections. When we calculate 
in the large scahng limit it is possible that we choose back ground fields A^. in (13) 
as U(l) connections. The vector bundle E reduces to the sum of line bundle i.e. 
E = ( (B C~^-(See the Appendix A.) We set the direction of back ground gauge fields 
to T3 i.e. = A^i^Ts. Since we take q as fundamental representation of SU(2), we 
can write q as 



(41) 



We can reduce hue bundle d^C, to +C and ?2 — because there is a symmetry defined 

by A3 —A3 and qi q2 in this part. So we can estimate the vacuum expectation 
value of (38) around fixed points Ac and qc by considering quadratic action of quantum 
fields A,q and others. We expand A and q as 



A = Ac + A, q^qc + q 



(42) 



where the each second term of right hand side is a quantum field and Acand qc is 
chosen as 



qf 




(43) 



Next we decompose the action Sqcd into two parts as we did in section 2 as 

Sqcd^Sc + Su (44) 

where Sc is the action which consists of the Caltan part of adjoint fields and the first 
component of fundamental representation fields. The Sc is written as 



{ - 



2 1 




+ 2 





(45) 
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where = — i^A^^ and spinor indices a and a are omitted. This action Sc is 
surely the action of topological Abelian Seiberg-Witten theory 00. This Caltan 
part action is Witten type topological action as follows 



5. 



(46) 



where we define the BRS-like SUSY as 



iX 



3/11 



SAsfi = -f^M<^3, ScHsf,^ = 0, 
SrS = 0. 



5cV = 0, 









— -s — 1 

= -Ipgla, Sclpgla = '^qKa'Ps, 




= ~^acJ^/iqi + Xqia, 




i - -■ 1 










Another terms in Sqcd 


have to be expanded around fixed points A-^^ 



(47) 



quadratic action of St is obtained as 



) = J d'xg-^i^iv.A,^ - v,a,+)+{v;a,. - viA.^y 

+ \{V^A,+ - D,A^+)+g|a^'^gi, + ^(PM,_ - VIA^^ 



p.-) qic<^'^ q2 



+ 



+ 



2 

,2 1 



1 



1 



rq2 - -{rq2)^a^A^^q,, - -{a^ A^^q,,)\r q^) 



+ -|a'^A^+gi,|^--(P^0+)(P 



-(p;0_)(p^ 



+ 2^+''^lcC^^i^^g2 - «(?**V^g2)V^g2 " #92(^*^92) 



(4J 
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Where V^^d^- iA^^ and we put as ^\{Ti± iTa). Sf^ is transformed with 
matrices in the same way of the appendix B as 



:.(2) 



Ma,A MA,q 

MnA Mr, 



^t4 
?2 



/ ^0+ \ 

Ao- 
A,_ 



(49) 



Where we chose space elements of self-dual field x, i.e. Xoi, as substantial elements. 
Matrix M elements are given as follows. 



M, 



M 



A,q 



M, 



q,A 



Mq,q = 



{Ap_ row Ar+ column) 
1 1 

{Ap- row q2 column) 
1 1 ~ 

(gl row Ar+ column) 
(gl '"ow q2 column) 



(50) 



Where the index + means anti-selfdual about indices fi and u. The elements of the 
matrix Tt is obtained in the same process in appendix B. We write it as 



(51) 





















\ 





























WV)% 

















2'^i 

































V 

















/ 



where is defined as — iA^^ and we defined {VV)^^ as 



{VV)± = (Po5i, - i^^oiikViSjk). 



(52) 
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Only in this Abelian part, we must not forget the e terms. As we saw in section 3, 
of 1] rows A columns should be replaced by D^^, and the components of r] rows 
ip columns are replaced by order e operators 0(e) as we find the example (26). We 
introduce P^^' as shifted by e' term like (25). Then we write down Tte which 
defined as the Tt added shift terms from 0/^ + r](^ in (19) as 



/ 












0(e) 


0(e) 


\ 







— IT)* 





— LT)* 


0(e) 


0(e) 

























































if* 




v 












-i Tp* 





/ 



(53) 



Let us path- integrate out the transversal part. To carry out this Gaussian integration, 
we decide the determinant of T^^ as 



(See the reference [0.) When we denote the T^^Tt^ as 



I ^ 

rp^rp 



fJ,U 



qu 



T~'*7~'H — 

rri^rri 

rp^rp — 

qu 



r-p:^r-p 



J- ( 



Hq 



qv qu 

elements of T^^Tt^ is obtained as follows 



V T*T + T*T- T*T.a T*T„„ / 



(54) 



(55) 



rj~]^rj-i 



qv 



qv 



row \,, 



4 



row At 



column) 
1 

4' 

column) 





(A^_ row K 


(A^_ row Xu- column) 



column) 



1 t 



O(e') 



(V'<?2 row Xu+ column) 
0(e) 

{ipq2 row Xu- column) 
C-a,pqic)+VP + pa.qi, + 0(e, e') 



Ofe') 
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{ipq2 row Aj/+ column) 

= i-'-a.pql)^V'' + ^Mc^u + Oie,e') 

{i'q2 row Ai/_ column) 
T*T^- = 0(e) 

{\^+ row ipq2 column) 
rrt = 0(e) 

(A^_ row il)q2 column) 

T*T^ = -'f>'iQW)^-lQWr + 0{e,e') 

(■0^2 '"oty ■0g2 column) 

T*Tqq = J(a,.gie)+(gb^'^)++r' + 0(e2) 

(■^(72 '"ow ■i/'g2 column) 
T*Tgg = 0(e2) 

(A/i+ ro-u; ■(/^q2 column) 

T*T+ = _lpp(5,^^^^)+_l<,^5,^:^* + 0(e,e') 

(Aju_ row ■0g2 column) 
T*T-^ = 0(e) 

("092 '"ow 052 column) 
T*Tg, = O(e') 

(■0g2 ^ou; 052 column) 

T*T,, = i(a^.?L)+(?i,0''+r' + 0(e^). (56) 

When we integrate and we have to pay attention to the shift from e terms. 
We introduce "D^^ which include and shifts from e terms , hke (24). After these 
transverse fields path-integration of (48) we can write this part with matrices M and 
Tte as, 

^ AAdei(M)-V2dei(r,,)dei(^P;,Pr)dei(^P^,Pf)(exp({; + ru))^. (57) 

reducible 

Where (O)^ means vacuum expectation value of O with Abehan Seiberg-Witten 
theory whose action is composed by Sc and Caltan part from 0/^ + rjQ i.e. 

S, + J d''xgH4>f e + VCe)c. (58) 

Where we denote the Caltan part of 0/^ + rjQ as (0/^ + 77Ce)c- 
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If we put 0/e + r)Ce as an example (26), this Caltan part is 



m + VCe 



e'(t)^d^(t)^m^ + e'T^sAs^m" - -enqlrj^ipqi 
1 - 1 - 



= e'(5c(03A3^m'') + e-5c(ngl03'0gi - niiqi(j)3q). (59) 

This is the same case of Eqs.(35)(36). We find X^^jexp({; + T'ii())^ is independent from 

k. In (57), J2a is sum with weight Afdet{M)-^/^det{Tu) \det{lV^,V^)\ . 

Let us consider the case that there is only one solution of Afj_ and gi, there 

is not sum J^Af, ^^^d we find (cxp(?) + tu))^ is independent from k. Therefore only 
det{Ttc)det{\V*^J)'^*)det{\Vf,,J)i;[) term in (57) depend on k. As we saw in section 3, 
the coefficients of k have to be zero. Then we get the non-trivial result. 



(exp('y + rit))^ = 0. 



(60) 



But if there are several solutions of An and qi, it is unclear whether Eq.(60) is correct 
or not. 

non-Abelian Seiberg-Witten part 

Finally we denote non-Abelian part as 



7V(exp(i) + Tu))^j^. 



(61) 



Where the connections of fixed point are restricted within irreducible connections. 
(61) is a pure non-Abelian Seiberg-Witten invariants. 



Now the vacuum expectation value is separately written as 
(exp({;-F™)) = Mdet{-ATi){eyi^{v + Tu))jj+M{eyi^{v + Tu))^^ (62) 
+ hm^ met{M)-'/''det{Tt,)det{h^;pndet{^Vn,V^^ 

' reducibleA^ 

As we saw in section 3 that this vacuum expectation value is invariant under changing 
the ratio of e and e', so we found that the Abelian part vanishes without (0)^q = 
(O)^ |^,=o Eq-(60). From this fact, we find following formulas. 



(exp(t' -|- Tu)) = J\fdet{—4:7T){exp{v + Tu))jy + J\f{exp{v + tu)) 



nA 



(63) 



+ 



lim ^ 



^ reducibleAu 



det{Mfl^ 

Prom Eq.(37), identities are obtained as 



det{-V,J)^,) 



(exp({; -|- tu)) ^ 



e'=0 



5k 



lim 

reducibleA 



det{M)^/^ 



det{Tu) 



det{-V,,V^) 



{exp{v + ru))^ 



0, (64) 



fc=0 
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where n = 1, dimikerdA)- These formulas are non-trivial. These identities of U(l) 
topological invariants are obtained from SU(2) Topological QCD. Note that vacuum 
expectation value of was changed as (28), but detail character of the shift terms 
did not need to get above formulas. We comment on the Eq.(60) little more. This 
formula may imply that Abelian Seiberg-Witten invariants vanish in general. Indeed 
it is possible to apply our methods for massive topological QCD with no obstacle. 
But there are some problems to identify the Abelian part and usual Seiberg-Witten 
invariants, for example Eq.(28) and there are problems to extend to the case which 



has plural monopole solutions. This subjects are discussed in 21 



5 Conclusions 

We have studied massless topological QCD in detail and found new relations (63) 
and (64). One of the results of excluding mass terms is that our theory does not have 
spontaneous gauge symmetry breaking phase in usual meaning. Hence, we could not 
distinguish between reducible and irreducible connections without no modification. 
We gazed det{D'^D^) = when connections are reducible. Infinitesimal shift terms 
are introduced to the Lagrangian to account zero-eigenvalue states of D^D^. For this 
terms we could contain the Abelian part and treat separately reducible and irreducible 
connections. That determinant are obtained from (f) and (f) integral. Fermionic integral 
of 7], which is super partner of 0, A, x ^tc. cause the determinant of T. This deter- 
minant offset det{D^Dn) = . Infinitesimal shift terms is added to the Lagrangian 
to shift the both zero-determinants. We could change the ratio of infinitesimal shift 
terms without changing vacuum expectation value. As a result of this, we got formulas 
(63) and (64) (and especially case Eq.(60)). These are non-trivial relations between 
topological invariants. The identities of U(l) topological invariants are obtained from 
BRS symmetry of Topological QCD like Ward-Takahashi identity. 

When we interpret Topological Field Theory as a gauge fixing theory like ||19|| , 



the zero-modes of is interpreted as Gribov zero-modes. As we saw in section 4, 
Gribov zero-modes break BRS symmetry often and topological symmetry breaking 
occur. So the external fields in the section 4 avoid topological symmetry breaking 
from Gribov zero-modes. 

The next subjects we have to investigate are to caluculate actually in some 
models and to ascertain these formulas. We studied only SU(2) gauge theries in the 
present paper, so we want to extend it more general case. To carry it out in our 
formalism, we have to construct the tool that embed the equations to classify the 
reducible connections in equations of motion from some topological action. This is 
one of our future problems. 

The relation between the {exp{v + tu))^ and usual Seiberg-Witten invariants have 
to be studied more carefully. {exp{v + ru))^ is topological invariants but have some 
difference from usual Seiberg-Witten invariants. It is important problem to make the 
difference clear. 
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A Reducible connection 

In this appendix, we summarize some basic of reducible connections for physicists who 
is unfamiliar with this words. For the convenience, we treat the only case of SU(2) 
gauge group. Wc consider a connection on a point p on a back ground manifold M. 
A holonomy group is defined as subgroup of SU(2) which transform the connection as 
parallel trnsformations around any loop with the start point p. Therefore, holonomy 
groups are understood as groups which is needed actually to introduce each connec- 
tion. We put H as the holonomy group. We can define the reducible connection with 
the holonomy group which is classified in following two cases. 

(1) i/C{±l}. 

(2) H is conjugate to U(l) . 

In the first case connections are flat and this case is realized when the Chern 
number is zero. In our theory, case (1) is ignored. When connections do not satisfy 
above each conditions then we call them irreducible connections, and centralizer of 
H is {±1}. 

We can understand the relation, which is used many times in this paper, 
between reducibihty and zero-modes of '■ -^dv Ao <^dr] Ai as follows. If dA 
has a zero-mode (pQ, we obtain an one parameter group {exp(i0o) | ^ £ R c^^i^o = 0} 
whose elements transform the connection identically because 

g-^dg + g-^Ag = i^A^o = 0. (65) 

This means that centrahzer of H is not {±1} and this connection is reducible. Op- 
positely if a connection is reducible, then there is an one parameter group whose 
elements satisfy 



and g ^ ±1. We obtain 



g-'dg + g-'Ag^O (66) 



(67) 




after differentiate (60) by the parameter t. Therefore we understand ^ is a zero mode 
of dA- 

Next we will see the process of reducible connection deflned as 
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where Al is a connection on a complex line bundle L and is a its complex conju- 
gate. We can put the orthogonal basis of 2-dimensional complex vector bundle, 



as 

We introduce complex line bundle L and L' with a parallel trnsformation operator P; 
where / is represented as some loop as 

L = {cPi{e,)\c e C} (71) 
L' = {cPiie2)\ceC}. (72) 

In our theory, reducible connections means U(l) connections and we can take Pi as 
diagonal matrices. So we find that the definitions of L and L' are unrelated of loop I. 
We could established L and L' in this way. Therefore connection A can be represented 
as 

A = Al® Al, (73) 

where A^ and A^' are connections of L and L' respectively. Since A have to be valued 
in u(l) now, A is pure imaginary i.e. A^, = A*j^ = —A^. We obtain (61) and 

In this paper, we used these results in section 4. 



B 



Gaussian Integral 



In the section 4, we integrate fermionic fields in the Abelian Seiberg-Witten part. The 
methods of integration used there are studied in reference [|1T||]T^. It is possible to 
do this integration in not only Abelian case but also other case. For the non- Abelian 
parts, we can do it more general, i.e. we put classical back ground fields as A'^^Ta 
and qc in generally and expand Sqcd to second order of quantum fields. We write 
down the result of fermionic part as follows. 



iVaXOia'lpl'ipg) (T) 



( Aofe \ 
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and T is concretely 



( -iTriTaD^T,) -iTriTaD^T,) 
-Tr{TaD,n) Tr{Ta{PD)±T,) iqlaoiT^ -iqla^iTl 

aoTbqc (TjTbqc -i P 



Where we denote {D^dij — \^oiikDi5jk) as {PD)fy We chose space elements of self 
dual field x substantial elements. When we take acoount of e shift terms, then 
the first row of T change in order e. We call this shifted T as T^. For example, we 
obtained of the case concretely as 

/ -iTr{Ta{D^ - e'mo)Tfe) -iTr{Ta{D^ - e'mj)Th) -enqX -enq^ \ 

-TriTaDiTb) Tr{Ta{PD)pb) iqIcToiTa -^g*^oiT„* 

-TiaM)' -naMlY lip 

aoTbqc (JjTbqc ~i 







T is not a map from a space into itself. So we have to pay attention to define 
its determinant. We put adjoint operator of T as T*, and define det(T) as 



det{T) = det{T*T) 



1/2 



(75) 



(See the references JT^l-) Now we can treat {T*T) with not space indices i but 
space-time indices /x. We name the elements of [T*T) by 




The elements of [T*T) is obtained as follows 

(A|^ row column) 
1 



/ rp^rpcb rji^rpc '^n^rpc 

' fiq H'Q 



(76) 



^rpcb 



-^Tr {Tc{D'^5^y - F^^)Tb) + qlTbT^a^a^q^ + qlTcTba^a^qc 
{ipq row X'l column) 



qv 



qv 



-(T,a,,ge)+(2Tr T^DPTb) + i V>a,n 
{tjjg row column) 

(A^ row ijjq column) 
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T*T;^- = i{TrT,DPTa){qlap,Ta)^-iq%a,]p 

{i/jq row Tpq column) 
T*Tqq = (T,a^,g,)+(gta'^-Tj++^2 

{ijjg row Tpq column) 

(A|^ row ip^^ column) 

{ipq row ipq column) 
T*Tqq = -{T^a,^q,)^qla^'^T'J+ 
{ipq row ipq column) 

T*Tqq = {a,Xi4y)HqX^'T + P'- (77) 

When we compares this to the matrices of the section 4, we understand that differences 
are in only covariant derivative and "D^. Note that matrix obtained from bosonic 
part is almost same as T*T. 



References 

[1] E.Witten, Monopoles and four-manifolds, Math. Research Lett. 1(1994)769 

E.Witten, Supersymmetric Yang-Mills theory on a four manifolds, 
J.Math.Phys.35(1994)5101. 



[2] E.Witten, On S-duality in abelian gauge theory, liep-th/9505186 



[3] S.K. Donaldson, Po/ynomm/ invariants for smooth four-manifolds. Topology 
29(1990)257. 

S.K.Donaldson and P.B.Kronheimer, T/ie geometry of four-manifolds, (Oxford 
University Press, New York ,1990). 



[4] S.K. Donaldson, 74n application of gauge theory to the topology of ^-'^^O'^ifolds, 
J. Differential Geom.l8(1983)269 

S.K.Donaldson, Connection, Cohomology, and intersection forms of 4- 
manifolds, J. Differential Geom.26(1986)397. 

[5] V.Pidstringach and A.Tjuhn, Localization of the Donaldson's invariants along 
Seiberg- Witten c/a55e5, P"g-ga/9507004| . 

[6] Ch.Okonek,A.Teleman, Quaternionic monopoles, Commum.Math.Phys.180 
(2)(1996)363 

A.Teleman, Non-abelian Seiberg- Witten theory, Habilitationsschrift, 
Universityat Zurich (1996). 



23 



[7] S.Hyun,J.Park and J.S.Park, N=2 Supersymmetric QCD and Four Manifolds; 
(I) the Donaldson and the Seiberg-Witten /nt)ananfo, [iep-th/9508162| . 

[8] E.Witten, Topological quantum field theory, Comm.Math.Phys. 117(1988)353 
E.Witten, Introduction to cohomological field theories, 

Int.J.Mod.Phys.A.6(1991)2273. 

[9] J.M.F.Labastida and M.Marino, Non-abelian monopoles on four-manifolds, 
Nucl.Phys.B 448(1995)373,( |hep-th/95040ToD 

M.Alvarez and J.M.F Labastida, Topological matter in four dimensions, 
Nucl.Phys.B 437(1995)356. 

S.Hyun,J.Park and J.S.Park, Spin-c Topological QCD, 

Nucl.Phys.B453 ( 1995) 199, (|hep-th/9503201| ) . 

[10] Ch.Okonek and A.Teleman,i?eceni( Developments in Seiberg-Witten Theory and 
Complex Geometry, |alg-geom/96120l"5| . 

[11] D. Birmingham, M.Blau,M.Rakowski and G.Thomson, Topological field theory, 
Phys.Rep.209(1991)129. 

[12] E.Witten, The N matrix model and gauged WZW models, Nucl.Phys.B 
371(1992)191. 

[13] S.Donaldson, The orientation of Yang-Mills moduli space and ^-fnO'^ifold topol- 
ogy, J.Differential Geom.26(1986)397 

[14] A.Sako, Topological Symmetry Breaking on Einstein Manifolds, 
Int. J.Mod.Phys.A.12, (1997)1915. 

[15] W.Zhao and H.C.Lee, Spontaneous Breaking of Topological Symmetry, 
Phys.Rev.Lett. 68, (1992)1451. 

[16] K.Fujikawa, Dynamical Stability of the BRS Supersymmetry and the Cribov 
Problem, Nucl.Phys.B223, (1983)218. 

[17] A.S.Schwarz, Instantons and Fermions in the Field of Instanton, Com- 
mun.Math.Phys.64,(1979)233. 

[18] P.Kronheimer and T.Mrowka, Recurrence relations and asymptotics for four- 
manifold invariants. Bull. Am.Math.Soc. 30(1994)215. 

[19] L.Baulieu and I. M. Singer, Topological Yang-Mills symmetry, 
Nucl.Phys.B(Proc.Suppl.)5B(1988)12 

R.Brooks, D.Montano and J.Sonnenschein, Gauge fixing and renormalization in 
topological quantum field theory, Phys.Lett.B214(1988)91. 



24 



[20] L.Baulieu and M.Bellon, BRST Symme- 

try for Finite-Dimensional Invariances:Applications to Global Zero Modes in 
String Theory, Phys.Lett.B202(1988)67. 

[21] A.Sako, to appear. 



25 



